Abstract-We first define a new Gray map from Z4 + uZ4 to Z 2 4 and study (1 + 2u)-constacyclic codes over R = Z4 + uZ4, where u 2 = 1. We then investigate some properties of (1 + 2u)-constacyclic codes over R. Considering their Z4 images, we prove that the Gray images of (1 + 2u)-constacyclic codes of length n over R are cyclic codes of length 2n over Z4. We also present many examples of (1+2u)-constacyclic codes with special generator polynomials over R whose Z4 images are optimal and new Z4-cyclic codes.
I. INTRODUCTION

C
ODES over finite rings have been studied in the early 1970s. A great deal of attention has been given to codes over finite rings from the 1990s because of their new role in algebraic coding theory and their successful application. A landmark paper [4] has shown that certain nonlinear binary codes with excellent error-correcting capabilities can be identified as images of linear codes over Z 4 under the Gray map. This has motivated the study of codes over finite rings, especially codes over Z 4 , which remain a special topic of interest in the field because of their relation to lattices, designs, and low correlation sequences [8] .
Due to the importance of codes over Z 4 and intensive work over Z 4 -codes, a databases of Z 4 -codes was created in [1] and is available in [2] . Tables and databases of best known linear codes over small finite fields have been available for a long time [3] .
One of the fundamental problems in coding theory is to obtain optimal and new Z 4 codes based on the databases [2] . A lot of work for this has been done in recent years. One of the contribution of [10] was to find new Z 4 codes that were not known before. Wu et al discussed 1-generator generalized quasi-cyclic codes over Z 4 in [9] . They constructed some new Z 4 -linear codes and obtained some good binary nonliner codes using the usual Gray map.
More recently, rings of order 16 are of special importance [5] . Yildiz, Aydin and Karadeniz discussed linear codes, cyclic codes over Z 4 + uZ 4 (u 2 = 0) and Z 4 -images in [10] , [11] . The construction of oneGray weight and two-Gray weight codes over Z 4 +uZ 4 with u 2 = u was studied in our previous work [7] . It is worthy noting that,Özen et al. proved that the Z 4 -image of a (2 + u)-constacyclic code over Z 4 + uZ 4 (u 2 = 1) of odd length is a cyclic code over Z 4 in [6] . They also presented many examples of cyclic codes over Z 4 +uZ 4 whose Z 4 -images have better parameters than previously best-known Z 4 -linear codes. It is a natural question: whether there is constacyclic codes over Z 4 + uZ 4 (u 2 = 1) whose Z 4 -images produce optimal and new Z 4 -linear codes or not.
Inspired by the works listed above, in this paper, following the method of [6] , we mainly study the structures of another special constacyclic codes and present many examples of (1 + 2u)-constacyclic codes over Z 4 +uZ 4 whose Z 4 -images have better parameters than previously best-known Z 4 -linear codes by comparing with the parameters in [2] .
The material of the paper is organized as follows. Section 2 introduces some preliminary results on linear codes over the ring R that we need. In Section 3, we investigate the structures and properties of (1 + 2u)-constacyclic codes over R. In Section 4, we give some optimal and new cyclic codes over Z 4 which are obtained from the (1 + 2u)-constacyclic codes over R. Section 5 concludes the paper.
II. PRELIMINARY RESULTS
Throughout this paper, we let R denote the commutative ring Z 4 + uZ 4 = {0, 1, 2, 3, u, 2u, 3u, 1 + u, 2 + u, 3 + u, 1 + 2u, 2 + 2u, 3 + 2u, 1 + 3u, 2 + 3u, 3 + 3u}, where
Its units are given by {1, 3, u, 3u, 2 + u, 1 + 2u, 3 + 2u, 2 + 3u}. There are 7 ideals in this ring of characteristics 4 given by { 0 , 2u , 1+u , 3+u , 2+2u , 2u, 1+u , R}. It is a local ring with maximal ideal 2u, 1 + u .
Let η be a unit in R. A linear code C of length n over R is called η-constacyclic if it is invariant under the constacyclic shift operator ̺(r 0 , r 1 , · · · , r n−1 ) = (ηr n−1 , r 0 , r 1 , · · · , r n−2 ), where (r 0 , r 1 , · · · , r n−1 ) ∈ C. The constant η is called the shift constant for C. In this paper, we study constacyclic codes with shift constant 1 + 2u over R. Note that cyclic codes are a special case of constacyclic codes with η = 1. If σ is the cyclic shift operator, then σ(r 0 , r 1 , · · · , r n−1 ) = (r n−1 , r 0 , r 1 , · · · , r n−2 ). In a word, C is said to be cyclic if σ(C) = C and
and y = (y 1 , y 2 , · · · , y n−1 ) be two elements of R n . The Euclidean inner product of x and y in R n is defined as x · y = x 0 y 0 + x 1 y 1 + · · · + x n−1 y n−1 , where the operation is performed in R.
For a code C over R, the dual code C ⊥ is defined as C ⊥ = {x ∈ R n | x · y = 0 for all y ∈ C}. For (1 + 2u) being an unit in R, it is well known that a (1 + 2u)-constacyclic code of length n over R can be identified as an ideal of the quotient ring
In the sequel, we define a Gray map Φ : R −→ Z 2 4 by Φ(a + bu) = (b, 2a + b). One can verify that Φ is a linear map, which can be extended to R n naturally as follows:
The polynomial correspondence of the Gray map can be defined as
given by
Notice that (1 + 2u) n = 1 + 2u if n is odd and
With notations as above, we have the following theorem. Theorem 3.1 Let ̺ denote the (1 + 2u)-constacyclic shift of R n and σ denote the cyclic shift of Z
By applying the Gray map Φ, we get Φ(̺(r)) =
Therefore Φ̺ = σΦ.
As a consequence of Theorem 3.1, we have the following corollary. Corollary 3.2 The Gray image of a (1 + 2u)-constacyclic code over R of length n is a cyclic code over Z 4 of length 2n.
Proof. Let C be a (1 + 2u)-constacyclic code over R. Then ̺(C) = C, and therefore, (Φ̺)(C) = Φ(C). It follows from Theorem 3.1 that σ(Φ(C)) = Φ(C), which means that Φ(C) is a cyclic code.
Proposition 3.3 Let
Let C be a code of length n over R.
In some occasions, we find it is more convenient to use a permuted version of Φ π defined as
The codes obtained using Φ and Φ π are permutation equivalent. Proposition 3.4 For any r ∈ R n , we have Φ π σ(r) = σ 2 Φ π (r).
Proof. The proof is similar to that of Proposition 4.3 in [6] , we omit it here.
According to the definition of Φ π , we can get the following corollary. Corollary 3.5 Let C be a cyclic code of length n over R. Then its Z 4 -image Φ π (C) is equivalent to a 2-quasicyclic code of length 2n over Z 4 .
In the following, we study (1 + 2u)-constacyclic codes over R when n is odd by introducing the following isomorphism from R n to T n . Proposition 3.6 Let
such that φ(c(x)) = c((1 + 2u)x). If n is odd, then φ is a ring isomorphism from R n to T n .
Proof. Recall that (1 + 2u) n = (1 + 2u) if n is a odd and (1 + 2u) n = 1 if n is a even. Now, we assume
On the contrary, it is easy to prove that a((1+2u)x) ≡ b((1 + 2u)x)(mod x n − (1 + 2u)) ⇐⇒ a(x) ≡ b(x)(mod x n −1). Note that one side of the implication tells us that φ is well-defined, while the other side tells us that it is injective, but since the rings are finite this proves that φ is an isomorphism.
According to Proposition 3.6, we obtain the following corollaries. Corollary 3.7 Let n be an odd number. Then I is an ideal of R n if and only if φ(I) is an ideal of T n .
Corollary 3.8
Let n be an odd number. Then a (1 + 2u)-constacyclic code of length n over R is equivalent to a cyclic code of length n over R by the ring isomorphism φ.
In the light of the definition, we have the following corollary. Corollary 3.9 C is a cyclic code over R of odd length n if and only if φ(C) is a (1 + 2u)-constacyclic code of length n over R.
Similar to Theorem 4.8 in [6] , we characterize (1 + 2u)-constacyclic codes over R of odd length as follows. Theorem 3.10 Let n be odd and C be a (1 + 2u)-constacyclic code of length n over R. Then C is an ideal in R[x]/ x n − (1 + 2u) generated by,
Next, before stating our next result with studying a class of constacyclic codes with special generator polynomial, we need the following lemma. Lemma 3.11 Let n be odd. Suppose C, generated by u 1 (x)(v 1 (x) + 2), uu 2 (x)(v 2 (x) + 2) , is a code over R, then C is a cyclic code of length n over R, where
Proof. By the assumption and u 2 = 1, C can be expressed as
Using the isomorphism φ and the above lemma, we characterize (1 + 2u)-constacyclic codes with special generator polynomial over R of odd length as follows. Theorem 3.12 Let n be odd and C be a (1 + 2u)-constacyclic code of length n over R. Then C is an ideal in R[x]/ x n − (1 + 2u) generated by
We can write the generators of a (1 + 2u)-constacyclic code given by the above theorem in the form C = g 1 (x), ug 2 (x) , wherex = (1 + 2u)x. Remark 3.13 In fact, according to Theorem 3.10 and the proof of Lemma 3.11, C = u
, which means Theorem 3.10 includes Theorem 3.12 as a special case.
There is a special permutation of Z 2n 4 , called Nechaev permutation, which turns out to be useful in studying cyclic codes over Z 4 . It is defined as follows. Definition 3.14 Let τ be the following permutation on {0, 1, · · · , 2n − 1} with n being odd such that τ = (1, n + 1)(3, n + 3) · · · (2i + 1, n + 2i + 1) · · · (n − 2, 2n − 2). The Nechaev permutation is the permutation π defined by
Proposition 3.15 Let φ be defined as above. If π is the Nechaev permutation and n is odd, then Φφ = πΦ.
Proof. Let r = (r 0 , r 1 , · · · , r n−1 ) ∈ R n where
Corollary 3.16 Let π be the Nechaev permutation and n be an odd number. If χ is the Gray image of a cyclic code over R, then π(χ) is a cyclic code.
Proof. Let χ be such that χ = Φ(C), where C is a cyclic code over R. According to Proposition 3.15, we have (Φφ)(C) = (πΦ)(C) = π(χ). By Corollary 3.9, we know that φ(C) is a (1 + 2u)-constacyclic code. Therefore, by Corollary 3.2, (Φφ)(C) = π(χ) is a cyclic code.
IV. COMPUTATIONAL RESULTS
In this section, we present the results of a computer search on (1+2u)-constacyclic codes over R and their Z 4 -images for some odd lengths. Then we list both the minimum Lee weight and the minimum Euclidean weight with their Z 4 -images. According to [6] , we know the Lee weights of 0, 1, 2, 3 are, respectively, 0, 1, 2, 1 and the Euclidean weights of 0, 1, 2, 3 are, respectively, 0, 1, 4, 1. Then we can now define the Lee and Euclidean weights of an element of z = a+ub ∈ R as w L (z) = w L (Φ(z)) = w L (b, 2a + b) and w E (z) = w E (Φ(z)) = w E (b, 2a + b).
In Table I (Table II) , we obtain some optimal (without asterisk, here optimal means the codes share the same parameters as in [2] ) and new cyclic codes (with asterisk) over Z 4 with respect to Lee weight (Euclidean weight) which are obtained from the (1 + 2u)-constacyclic codes ĝ 1 (x), uĝ 2 (x) over R. The first column is the length n of the code over R, the second and third columns are the coefficients of generator polynomials written from high to low order (for example, the polynomial 2x 4 + 3x + 1 is represented by 20031), whereĝ i (x) = g i ((1 + 2u)x), i = 1, 2 and the fourth column are the parameters of the Gray images with respect to minimum Lee distance d L (minimum Euclidean distance d E ). The last column is the bound with respect to minimum Lee distance d L (minimum Euclidean distance d E ) in [2] . 
